Condition (4) is fulfilled by all the insulating anodic films so far investigated if they adhere to the electrode.
1.
The introduction of metal construction for aeroplanes, more particularly in relation to the wing spars, has resulted in a need for some simple test on thin sheet metal which will serve to discriminate between desirable and un desirable properties. Hitherto it has been customary to demand some minimum value of the " 0-1 per cent, proof load," defined as the tensile stress that produces 0-1 per cent, permanent extension. This procedure is, however, difficult to justify on rational grounds, because the failure of a metal wing spar normally occurs by local buckling in some region where compression stresses are operative, and hence it may reasonably be anticipated that the stress-strain properties in compression are criteria of the suitability of a material, as they are known to be in the case of straight struts.* There is no reason to believe that such properties are revealed by the proof stress in tension, and although it is possible that experience may indicate some degree of correlation over a restricted range, some test of more direct application is desirable.
When this problem was under discussion by the Aeronautical Research Committee, it was suggested by Professor Southwell that a suitable test of flat sheet material might be made by determining the intensity of shearing stress required to make a long strip of the material buckle by reason of instability into a waved form. The stability of a flat strip clamped at each edge and subjected to shearing forces had been discussed by him in a paper written in collaboration with Miss S. W. Skan,* so that some notion could be formed of the results which might be expected. It was decided that experimental work should be initiated with two objectives :-(1) To check the conclusions of this theoretical treatm ent; and (2) To investigate the possibility of standardising some test of this nature as an " acceptance test." 2. For the attainment of this second aim, it was required that the buckling produced should be of inelastic type, since, if the wave form were developed elastically, the critical stress would depend primarily on the elastic constants and not on any limiting strength property of the material. It may be said at once that the second objective was not attained, mainly because (apart from other objections) the technique of the test proved to be too complicated for ordinary specification purposes. The work done under this heading is to be described elsewhere, and practical aspects, that is, the application of the experiments to testing, will not receive further notice in this paper.
3. There remains the question of a comparison of the experimental results with the theory of Southwell and Skan ( . cit.) . The present paper discusses from this aspect such tests in the series as were made on strips of sufficient width for their critical loads (according to theory) to be within the limit of elastic proportionality of the material.
In the first series of tests, the buckling load was determined by purely visual examination, as the load at which waves were first detected by the distortion of images reflected in the surface of the strip. The results of this series of tests suggested the existence of a serious discrepancy between theory and experiment, in that the " collapsing loads " (defined as above), were found to be represented by an expression differing in form, as well as in absolute magnitude, from the theoretical formula for the " critical load." Recon sideration of the problem in analogy with other types of test on stability, for example, strut testing, showed, however, that the expectation of sudden buckling at the critical load was not likely to be fulfilled. The lateral deflection of an initially bent strut subjected to compressive end load increases progress ively as the end load is increased, and an exactly similar phenomenon is to be expected in the buckling of a nominally flat sheet, if initial irregularities from the plane of the sheet exist. Such initial irregularities certainly existed in the strips tested, and therefore additional tests were made in which the growth of the amplitude of waving was measured during the test and plotted against the increasing loads. It then appeared that the loads which had previously been termed " collapsing loads " had no relation with instability-the curves relating load and amplitude showing no appreciable discontinuity at such points. Within a restricted range, the form of the curve relating wave-depth and applied load was hyperbolic, as theory would suggest; but in tests on the narrower strips, deviation from this theoretical form occurred before any upper asymptote, corresponding with the theoretical " critical load," had been clearly indicated. By analysis of the theoretical wave form determined by Southwell and Skan, it was found that the deviation from the true hyperbolic form coin cided with the attainment by the tensile stresses, due to bending at the crests of the waves, of a value agreeing closely with the elastic limit of the material.
4.
More recently an attem pt has been made to analyse the observations of load and deflection, that is, the amplitude oi waving, on the lines of a method suggested by Southwell in his note " On the Analysis of Observations in Problems of Elastic Stability."* According to this method, if S be the intensity of applied shear stress, and w is the maximum depth of the wave, then within a range of small, but not extremely small, deflections it may be expected that values of w/S, when plotted against w, will fall on a straight line, and the slope of this line will represent a stress which should be comparable with the critical shear stress of theory. Unfortunately, in our problem, the range of readings over which the hyperbolic relation can be expected to apply is seriously restricted by the fact that at small loads the true wave formed is not properly developed and the readings obtained are somewhat irregular (Southwell, loc. cit.) . For fairly wide strips, a range of readings sufficiently wide to determine the hyper bola with fair accuracy is usually available, but for very narrow strips the range of readings available may be too short for any estimate of the best fitting hyperbola to be made. There is, in addition, some difficulty in the actual analysis of the readings obtained ; attention is drawn to this in the Appendix. Nevertheless, it may be claimed that the analysis of the tests here described does indicate upper asymptotes of the (wave-depth) -(shear load) curves in fairly close agreement with the values of the " critical load " which are pre dicted by the analysis of Southwell and Skan. Although the tests which have been analysed in this way are not numerous, it is thought that the results may be of interest, as indicating in what direction an explanation may be sought for apparent discrepancies between Southwell and Skan's theory and experi ments which have been conducted abroad. Since the appearance of their paper a considerable amount of work has been done in this field, notably by F. Bollenrath,* but notwithstanding the care with which experiments have been conducted, discrepancies between theory and experiment are reported without any attempt to explain them. In this paper we have tried to show that our sheared strips, although imperfectly flat, did behave as theory would predict, until an amplitude of waving was attained which can be seen to entail failure of their elasticity.
5.
Description of Mode of Test.-
The mode of test adopted in the experiments consists in the application to the edges of a long strip of the material of shearing forces in the plane of the strip. The apparatus used is shown in figs. 1 and 1(a). The strip is rigidly clamped between three parallel pairs of bars, two of the pairs being fastened to the edges of the strip and the third being arranged midway between them. The central bar is attached to the upper head of the testing machine, whilst the edge bars are connected through links to a plate attached to the lower head of the testing machine. In this way equal loads are applied simultaneously to two identical specimens, one on each side of the central member ; the edges of the strip are constrained only to remain in the original plane of the strip.
In all the tests in which measurements of wave-depth were made, the ratio of the length of the specimen to the free width was 20 : 1 ; and the regularity of the resulting wave systems showed that this ratio gave a close representation of the case of an infinitely long strip-the theoretical case which it was required to reproduce. The boundary conditions at the short edges of the strip are of no importance if the strip is long enough to be considered infinite. In some of the tests these edges were left free ; but in some of the later tests they were clamped between hard-wood blocks, in order to avoid the production of localised waves at the ends before general waving occurred. With the same object, in some of the later tests, the links connecting the edge bars to the lower head of the testing machine were spread-eagled, fig. 1 , so that their lines of action passed approximately through the tops of the inner edges of the strips under test. This was done with the object of minimising the small bending moments imposed on the strips when the loads were applied parallel to the edge bars-bending moments which, by setting up transverse compressive stresses in the lower ends of the strips, tended to cause the specimens to collapse from the bottom upwards. 6. Theoretical Investigations.-A complete analysis of the stability of an infinite thin strip subjected to shearing forces along its edges has been given by Southwell and Skan ( loc. cit.) . They showed that the load (S) length of the strip, which will just cause buckling, should be given by the formula where S = A i r^a l/&2, Since an infinite length of strip was considered, the wave forms corresponding to these buckling loads were necessarily periodic in the direction of the length of the strip and the ratio of the wave-length to the width of the strip was found to be 1*6 in the case of clamped edges or 2*67 when the edges were simply supported. If initial irregularities are present in the plane of the sheet, there will in general be a component of the wave form corresponding to the first buckling load defined by equation (1) above. If the initial amplitude of this component be w0, it may easily be shown that the effect of a shear load S is to multiply this amplitude in the ratio S/(S0 -S), S0 being the buckling load. Thus, if simultaneous values of S and be recorded, they should satisfy a relation w = Sw0/(S0 -S) and from the experimental points, the values of S0 and w0 may be determined (Southwell, cit.) .
Measurement of
Wave-depth.-The results of the tests in w ments of wave-depth, were made indicated that a process of gradual waving, culminating in elastic failure in bending at the crests of the waves, was a feature of all the tests. Accordingly, the only process available for the determination of the true buckling load is that based upon the presumed hyperbolic relation between the wave-depth and the load, and described by Southwell (loc. cit.) , therefore only those tests in which measurements of wave-depth were made could be utilised.
The measurements of wave-depth were obtained in the following way. The pointed ends of two rods, rigidly connected by two cross members, were held in contact with the surface of the strip, in such a manner that the line joining the points was parallel to and midway between the long edges of the strip. The distance between the points was adjusted to one-half the expected wave length and a measure of the wave-depth was obtained by recording the tilt of a mirror attached to the frame connecting the two pointed rods. Correction for tilt of the whole apparatus was obtained from the readings of a second mirror attached to the frame of the testing apparatus as close to the tilting frame as possible.
The tests were carried out on a series of strips all 0-0126 inch in thickness and §, 1, an(i 1 \inches in width ; the length of the specimen in every case twenty times the width. The readings obtained from the deflection meter actually represent values of the expression 12,000
The value of the deflection meter reading at each value of applied shear load for each strip is given in Table I , and in figs. 2 and 3 also, the actual deflection meter readings have been used. The actual wave-depth can in any case be determined by multiplying the deflection meter reading by 6/12,000. fig. 2 , the values of S derived from these data have been plotted against w for each strip and the value of S0 has been determined by the best fitting line through the plotted points. Two difficulties arise in this analysis ; one of them is of general application and is discussed by Southwell; the other is associated with determining the best fitting line. In justification of the results obtained a short note on the nature of the difficulties is given in the Appendix, together with a description of the approximate method of least squares which has been used in the determination of the best fitting line. This method has been used, not in the hope of obtaining more accurate results, but with the object of eliminating the personal error in judging the best straight line through the experimental points. In Table I , the theoretical values of the buckling loads are given, together with the values deduced from the wave-depth measurements. The ranges of the deflection meter readings that have been used for the determination of the critical loads are indicated in Table I ; in every case the readings corre sponding to very small wave-depths have been neglected ( . cit., § 10). 9. Fig. 2 and Table I show that, when analysed in this way, the results of tests on fairly wide strips do indicate a definite and close agreement with theory ; the values of the critical loads thus determined from the experimental results of the tests on the strips DGLI, 150, and DGLI, 157, agree closely with the theoretical values and are, moreover, very little affected by shift of origin, etc. (see Appendix). In the tests on the narrower strips, the range of points available for analysis is so seriously restricted between the initial irregularities and the point of departure from linearity due to the commencement of elastic failure, that the value of the critical load is not clearly defined ; in the case of the strip DGLI, 156, this restriction was rendered still more severe by the relatively great depth of the initial irregularities. Nevertheless, it may be claimed that the results obtained do indicate buckling loads in close agreement with the theoretical values; although they must also be regarded as emphasising the necessity, in practical design, of combining with a consideration of actual stability a consideration of elastic failure consequent upon the initiation of buckling.
Analysis of Experimental Results.-In

Effect of the Elastic Limit and of Permanent Waves on the Process of Gradual
Waving.-In this connection attention may be drawn to a conclusion which constitutes perhaps the most definite result of the present tests. By calculations based upon the theoretical wave form determined by Southwell and Skan, it was found that the tensile stress due to bending at the points of maximum curvature of the strip was given by the formula 8 • 18 EA/62 where w is the wave-depth and where E, h and b are as defined in § 6. For the particular strip material tested, this formula indicates that the stress p will exceed the elastic limit of the material, if w is greater than 1 • 05 X 10-4. The deflection meter readings used for the wave-depth measurements through out the present paper actually represent values of w/b, the unit of the scale corresponding to a wave-depth of 6/12,000 inches. Thus the actual deflection meter reading at the elastic limit should be equal numerically to 2006.
Three difficulties arise in applying this result to the experimental tests, firstly, since the development of waves was not in general uniform over the whole length of the strip, permanent waves would be produced locally before the average wave-depth exceeded the critical value. Secondly, the deflection meter was not always placed exactly over a crest and hollow of a wave, so that the wave-depths recorded did not aways represent the full wave-depth even of the one wave. Thirdly, the maximum tensile stress due to bending alone is not the true maximum tensile stress in the strip, since,in addition to the bending stresses due to waving, there is a uniform shear stress in the sheet. In order to eliminate the error due to this last cause, it would have been necessary to consider wave-depth and shear stress simultaneously, and since this could only be done by reference to the experimental results, the process would have been somewhat complicated. On the other hand, due to the other two causes, permanent waves were formed when the measured wave-depths were well below the limiting values theoretically determined ; accordingly it was decided to consider all three sources of error as acting together to reduce the value of the measured wave-depth at which permanent waves were first observed.
In some of the tests the load was applied in several stages, and between each stage the load was removed and then again applied in small increments up to the maximum load previously attained. In this way a series of curves was obtained connecting wave-depth with shear load, in addition to actual measurements of the depth of the permanent waves produced. Now, if the shear load S is connected with the wave-depth by a relation w Sw0/(S0 -S), where w0 is the initial (average) wave-depth and where S0 is the theoretical buckling load, then the initial slopes of the S -w curves will represent the ratio w0/ S0 ; thus, if the value of S0 be assumed, the values of w0 can be calculated from these initial slopes. The values of w0 thus determined should be equal to the value obtained in the first test (when the elastic limit had not been exceeded), plus the depths of the permanent waves produced; hence, if these values of w0 be plotted against the readings of permanent wave-depth, the result should be a straight line, the slope of which should represent the ratio of the measured wave-depth to the true average wave.
This analysis was carried out in the case of one strip (DGLI, 156) and the results are shown in figs. 3 and 3a. It will be seen that a good straight line was obtained, and that this line indicated a ratio of measured wave-depth to average wave-depth of approximately 1 : 2-62. Now permanent set in the average wave should (according to calculation) have commenced when the average wave-depth was about 100 (width of strip -1 inch), when the measured wave-depth would be 100/2*62 = 38. Reference to fig. 2 will show that when the recorded wave-depth was 38, departure from the hyperbolic form was just commencing.
Summary.
The paper describes the results of tests on the buckling of long strips of material under the action of shearing forces applied along the edges of the strip.
The test was designed in the first place as an acceptance test for thin strip m aterial; but in the present paper attention is paid only to the theoretical aspects of the tests. The buckling load of an infinitely long strip has been determined theoretically by Southwell and Skan, and in the present paper it is shown that, if the effect of initial departures from planity of the strip be taken into account, the buckling loads determined by experiment are in good agreement with the theoretical values. This agreement has been demon strated by plotting the depth of the waves produced against the shear load and by determining the buckling load on the assumption, which is justified by the experimental results, that these quantities fulfil the hyperbolic relation pre dicted by theory. F.R.S., who has rendered valuable advice and suggestions throughout the research. 
Notes on the Atmlysis of Observations believed to obey a Hyperbolic Law.
If a series of simultaneous values of two variables S and w are believed to obey a law of the form Sw + aS + b a, b and c can be determined by estimating their values by any method and then by obtaining corrections to these estimated values by the ordinary method of least squares. Unless the curvature of the hyperbola is very well defined, however, this method is scarcely feasible owing to the extraordinary accuracy necessary in the arithmetical working. This difficulty can be avoided if, by choosing a suitable origin, the constant c is eliminated, when the method of analysis described by Southwell ( l o c. cit.) becomes ava pointed out (loc. cit., § 10) that by plotting from several different origins, the value of c can be determined by choosing that origin which yields the best straight line.
A second difficulty arises if the method of reciprocal plotting, described by Southwell, does not indicate any definite straight line ; for the method of least squares cannot be applied directly to the derived quantities ( ., w/S in the present paper). The results obtained in the tests on strip in shear are such that some systematic method of determining the best-fitting straight line is definitely required. Accordingly, the following method has been developed.
Since the values of the shear load S can be assumed to be without error, it is required to choose the constants S0 and w0 so that the sum 2 (wis a minimum, w' and w being the values of the wave-depth as actually recorded and as given by the formula w = Sw0/S0 -S respectively. Owing to the occurrence of (S0 -S) in the denominator of the expression for (w -w'), the
